
= vector of control law coefficients 
= vector of unmeasured process outputs 
= covariance matrix of the disturbances 21 

= covariance matrix of the measurements 0 
= E {yeT}, thc cross correlation matrix of y with B 

e 
(buu 
(bee 
(bve 1 )[.]I 1 = norm of 1.1 
Superscripts 
A = estimated value 
T = transpose 
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Part II. The Structure and Dynamics of Inferential Control Systems 
The static estimator of part I is incorporated into a dynamic control sys- 

tem. The system structure minimizes output feedback and thereby achieves 
stability even in the event of significant modeling errors. This inherent stabil- 
ity permits the use of simple and economical lead-lag compensation for the 
estimator and controller portions of the system. The overall system response 
to disturbances is similar to that of feed-forward control systems. 

The proposed control system structure is used to infer and control the 
overhead and bottoms product compositions of a simulated multicomponent 
distillation. Product compositions are inferred from selected stage tempera- 
ture and process flow measurements. Inferential control system response to 
various disturbances is comparable or superior to that of a tuned composition 
feedback control svstem for both sinde Droduct control and for simultaneus 

Y I  

overhead and bottims product control. 

I t  is generally necessary to add some form of dynamic 
compensation to the static inferential control system ob- 
tained by the methods of Part I in order to obtain an 
operable control system. What is meant by an operable 
control system will vary from process to process, but com- 
monly it will mean that the process lines out after a dis- 
turbance in less than three or four time constants without 
large excursions from the set point. Also implied in the 
idea of operability is the requirement that the control sys- 
tem be robust. That is, its response must not be seriously 
degraded by shifts in process operating conditions. 

The block diagram structure for inferential control sys- 
tems proposed in this work attempts to achieve an operable 
control system by assuring coiitrol system stability. The 
most critical transfer functions can be obtained from 
readily available plant data and/or simple plant tests. 
Owing to the inherent stability of the proposed control 
systems, the dynamic compensation of the estimator and 
controller need not be perfect, and simple lead-lag net- 
works will usually suffice. 

Inferential control systems can also be used in combina- 
tion with feedforward and feedback control systems. Typi- 
cal block diagrams for such configurations are presented 
later. 

The dynamic behavior of inferential control systems 
with various types of modeling errors is discussed later. 
The important result in this section is that stability can 
almost always be assured by making sure that modeling 
errors arc always in the appropriate direction. 

We will present the results of applying inferential con- 
trol, with ad hoc dynamic compensation to control the 
overhead and/or bottoms product compensation of a simu- 
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lated multicomponent distillation column. Compositions 
are inferred from selected stage temperatures and process 
flows. 

THE BLOCK DIAGRAM 
A typical process block diagram is given to the right of 

the dotted line in Figure 1. All process inputs and outputs 
are vector quantities. Generally, the dimension of the prod- 
uct quality y(s) and the control effort m(s)  vectors will 
be small, and frequently these variables are scalars. The 
number of secondary measurements B(s) is under the con- 
trol of the designer (see Part I ) ,  but economic considera- 
tions will usually limit the number of measurements to the 
order of 10 or less. The number of unmeasured disturb- 
ances u ( s )  which enter a process varies widely with the 
process and can range from several hundred (for exam- 

I I 

I 
PROCESS- 

I N F E R E N T I A L  

SYSTEM 
-CONTROL 

I 

“(S, 

I I j 81 m + i t  

Fig. 1. Inferential control system. 
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Fig. 2. Feedforward control system. 

CONTROL SYSTEM - 

ESTIMATOR b-& 

PROCESS - 

- PRODUCT 
COMPOSITION 

-y(s) 
PRODUCT 
QUALITY 

SECONDARY 
MEASUREMENTS 

Fig. 3. Inferential control system with feedforward compensation. 

CONTROL SYSTEM j PROCESS 
c_ - 

DISTURBANCES 

q>-;2J(sJRy MEASUREMENTS 

QUALITY 

Fig. 4. Inferential control system with slow feedback control. 

ple, a crude tower) to only one or two (for example, a 
dryer, Shinskey, 1973). Most frequently, the number of 
unmeasured disturbances will exceed the number of sec- 
ondary measurements. 

To the left of the process in Figure 1 is an inferential 
control system. It functions to counter the effect of the 
unmeasured disturbances d (s) on the product quality. 

The control effort is based on an inference cZ( s) of d ( s )  . 
To isolate the effect of the unmeasured disturbances on 
the process outputs, the effect of all measured inputs (for 
example, the control effort) on the secondary measure- 
ments are subtracted from the measurement signal before 

it enters the estimator. If the transfer function matrix P ( s )  
equals the true process transfer function matrix P (s)  , then 
the signal which enters the estimator depends only on the 
disturbances u (s)  . Further, there is no feedback of control 
effort m (s) through the cstimator 01 (s) and controller 
GI (s) to the secondary measurements B (s)  . 

A 

h 

The job of the estimator a ( s )  is to combine its input 
signals A T ( s ) u ( s )  in such a way as to obtain an estimate 

d(s )  of the effect of the disturbances on the product qual- 
ity. The controller G I ( s )  manipulates the control effort to 

produce the opposite effect - d ( s )  on the product quality. 
Cancellation is perfect if d ( s )  = d (  s) , GI (s) = C-' (s) , 
and C-l(s) is stable. However, even if d ( s )  + d ( s )  and 
GI ( S) # C-' ( S) , the control system will be stable if GI (s) 

is stable and P ( s )  is a sufficiently good approximation to 

P ( s ) .  Indeed, if P ( s )  = P ( s ) ,  then the dynamic response 
of an inferential control system with imperfect estimation 
and control is similar to that of a feedforward control sys- 
tem with imperfect compensation. Both types of control 
systems respond only to disturbances and not to process 
outputs. 

Implementation of the inferential control system of Fig- 
ure 1 requires the implementation of m(2n + m )  transfer 
functions if all of the transfer function matrices a ( s ) ,  
P ( s ) ,  and G I ( s )  are full. [The dimension of the product 
quality vector y(s) is m, and the dimension of the sec- 
ondary measurement vector e(s)  is n.] Both the estimator 
matrix Q (s )  and the compensator matrix P (s) have dimen- 
sion m x n. The controller G I ( s )  is m x m. For most 
chemical processes, the quantity m (2n  4- rn) will be less 
than twenty-five. The implementation of twenty-five or SO 
transfer functions is certainly not trivial, but it is economi- 
cally feasible, provided that the transfer functions are sim- 
ple lead-lag networks. 

Figure 3 combines the inferential control system of Fig- 
ure 1 with the feedforward control system of Figure 2. The 
combination of the two control systems would be linear 
were it not for the fact that the measured disturbances also 
affect the secondary measurements. Since the signal enter- 
ing the estimator should reflect only changes in the un- 
measured disturbances, the effect of the measured disturb- 

ances is removed by subtracting the signal Q (s) u (s) from- 
the secondary measurements. 'I he transfer function matrix 

Q(s) is our estimate of the effect of the measured disturb- 
ances on the secondary measurements. 

Just as it is often desirable to add a slow feedback con- 
trol system to a feedforward controller to eliminate steady 
state offset due to modeling errors, it will often be desirable 
to add a slow feedback control system to an inferential 
controller as shown in Figure 4 for the same reason. The 
feedback controller G, (s) will generally be a proportional 
plus integral controller which is slow by virtue of a large 
integral time constant and relatively low (perhaps zero) 
proportional gain. The measurement lag G, (s) is explicitly 
included in the feedback loop because this lag will often 
be more substantial than the process lags. (The measure- 
ment lags were omitted from the secondary measurement 
loop because these lags are generally small compared to 
the process lags. ) 

An unusual feature of the combined inferential and feed- 
back control systems is that the set point yd(s) is used by 
both systems to achieve a rapid rcsponse to set point 
changes. The product quality responds rapidly to a change 
in the input to G I ( s )  since C ( s ) G I ( s )  - 1, the identity 
matrix. However, the product quality responds slowly to 
a change in input to G,(s) because of the large integral 
time constant. The transfer function G L ( s )  is chosen to 
match the response of the inferential control systems to 
the feedback control system. That is 

A 

A 

h 

h 

A 

A 

A 
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To justify the above choice of Gt(s), it is necessary to 
describe the response of the product quality to a change 
in set point. From Figure 4, the response of y(s) to 
yd (s) is given by 

y(s)  = c ( s ) { G I ( s ) y d ( s )  + Gc(s)  [GL(s)yd(s)  

- Gm (s 1 y (8) 1 1 
Rearranging terms, we get 

y(s) = [ I  + C(s )Gc(s )Gm(s ) l - '  

If 

then 

[C (8) GI (8) + C (s) G,  (8) GL (8) 1 

GL (s) = Gm (8) C (s) GI (s) 

y(8) = [ I  + C(s)Gc(s)Gm(s)]- '  

[ I  + c (s)Gc(s)Gm(s)  IC (S)GI(S)Yd = c ( s ) G l ( s ) y d ( s )  
Since C (s) GI ( s )  = 1, the response of the product quality 
to the set point will be rapid. 

In some process control applications, it may be desirable 
to combine all three types ot control systems: inferential, 
feedforward, and feedback. The block diagram configura- 
tion of such a control system is a linear combination of 
Figures 3 and 4. 

THE DYNAMICS OF INFERENTIAL CONTROL SYSTEMS 

to be (Figure 1) 
The Laplace domain description of the process is taken 

y(.) = B T ( s ) u ( s )  + C ( s ) m ( s )  

O(s) = A T ( s ) u ( s )  + P ( s ) m ( s )  

A ( s ) c Y ( s )  = B ( s )  + R ( s )  

( l a )  

(1b) 

( 2 )  

The estimator a (s) satisfies the relationship 

where n ( 0 )  is chosen to minimize the relative error as 
described in Part I. If there is no measurement noise, then 
( ~ ( 0 )  minimizes [lR(O) l l 2 .  The details of the selection of 
a ( s )  for a particular example are given later. A general 
design procedure is given in Part 111. For the purpose of 
the following discussion, a ( s )  is assumed to have already 
been selected. 

The response of the process output to the unmeasured 
disturbances is denoted as d (s), where 

d(s)  = B T ( s ) u ( s )  (3)  
The estimate of the effect of the unmeasured disturb- 

ances on the process output is denoted by d (s)  and from 
Figure 1 is given by 

A 

A A 
d ( s )  = a T ( s )  [O(s) - P ( s ) m ( s ) ]  (4) 

From ( l b ) ,  (2) ,  and (3)  
A 
d ( s )  = a~(s):~~(s)u(s) + [ ~ ( s )  - g ( s ) l m ( s ) )  

= [BT(s )  + R T ( s ) l u ( s )  + a T ( s ) [ P ( s )  - i+s ) lm(s )  

= d ( s )  4- R T ( s ) u ( s )  + aT(s) [ P ( s )  - B ( s ) l m ( s )  (5) 
A 

Clearly, smaller values of R ( s )  and P ( s )  - P ( s )  yield a 

better approximation of d (s) to d ( 3 ) .  

given by 

A 

The responsc of the control effort to a disturbance is 

A 
m ( s )  = G I ( s )  [ y d ( s )  - d ( s ) ]  

=GI(S)Yd(S) - G I ( ~ )  {d(s) 3- RT(s )u ( s )  

+ aT(s )CP(s )  - % s ) l m ( s ) }  (6)  
Rearranging, we get 

A 

m ( s )  = { I  G ( S ) a T ( s )  [ P ( s )  - P ( s ) l ) - ' G ~ ( s )  [ y d ( s )  

- 4 s )  - R T ( s ) u ( s ) l  (7) 
Finally, the process output is given by 
y(s) = C ( s ) m ( s )  + 4 s )  

= C ( s ) F ( s ) G I ( s )  [Yd(s) - RT(s)u(s) l  

+ [ I -  C ( s ) F ( s ) G d s ) I d ( s )  (8) 
where 

A 

F ( s )  ( I  + Gr(s)aT(s)[P(s) - P ( s ) ] } - '  
A 

When P ( s )  = P ( s )  over the frequency range of the sys- 
tem, then F ( s )  = 1, and the system is stable provided that 
the original process is stable and the controller G I ( ~ )  is 
stable. The appropriate choice for G l ( s )  in order to ob- 
tain a fast response to disturbances and set point changes 
is, according to Equation (8) 

GI(s )  zz F- ' ( s )C- ' ( s )  (9) 
It will generally not be possible to implement (9)  exactly 
because the elements of the transfer matrix C ( s )  will be 
lags whose numerator polynomials are at least 1 deg. lower 
than their denominator polynomials. This means that 
C-' ( s )  will contain elements which will not be rcalizable, 
such as pure differentiators. Further, some of the elements 
of C-l(s)  can be unstable, especially if one or more of the 
elements of C (s) were nonminimum phase. Thus, in gen- 
eral, G I ( s )  will be a stable approximation to [C(s)F(s)]-'.  
However, the steady state gains of GI(s )  should be chosen 
so that 

If ( l o ) %  satisfied, then the steady state error in the output 
for a step disturbancc, will be 

GI(O)F(O)C(O)  = I  (10) 

y( 00) - y d  = - R(O)u(O) (11) 

Since a small [ [ R ( 0 ) / i 2  is achieved through design of the 
estimator, the steady state error given by (11) will also 
be small. Thus, significant dynamic errors in a ( s ) ,  as 
reflected in R ( s ) ,  need not be serious, since such errors 
will decay and will not affect the stability of the inferential 

control system. On the other hand, errors in P ( s )  do affect 
stability and are, therefore, more serious. 

When P ( s )  is not equal to P ( s ) ,  the effect of the con- 
trol effort on the estimate is fed back to the controller as 
shown by Equation (6 ) .  In order to simplify the discus- 
sion, m(s)  is assumed to be a scalar so that GI(s )  and 

( ~ ~ ( 3 )  [ P ( s )  - P ( s ) ]  are both scalar transfer functions. 
The steady state gains of G I ( s )  and "(s) are fixed by the 
steady state design procedure. Thus, the feedback will be 
either positive or negative, depending on the gains or timc 

constants of P ( s )  - P ( s ) .  If P ( 0 )  = P ( O ) ,  then the na- 
ture of the feedback depends on the time constants of 

P (s) - Y (s) . For example, consider the case where GI (s) 

a(.) = K and P ( s )  = l / T s +  1, P ( s )  = 1/Ts + 1. 
Then, P ( s )  - P ( s )  = ( T  - T ) s / ( T s +  l ) ( T s +  1). 

If T > T,  then the control system will be stable, indepen- 

dent of the gain K, of Gl(s)a(s). If T < T ,  then the sys- 
tem will be unstable for sufficiently high values of K .  As 

A 

A 

A 

A A 

A 

A A 

A A A 

A 

A 
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TABLE 1. STEADY STATE OPERATING CONDITIONS OF THE 
DISTILLATION COLUMN 

Feed Feed Distillate Bottom’s 
component composition composition composition 

Ethane 0.03 0.125 0.00 
Propane 0.20 0.782 0.021 
Butane 0.37 0.093 0.456 
Pentane 0.35 0.00 0.458 
Hexane 0.05 0.00 0.065 

Feed stage: gth stage from the reboiler 
Feed flow rate: 7.71 mole/min., as a saturated liquid 
Reflux ratio: 0.75 
Column vapor flow: 7.26 mole/min 
Column pressure: 1.72 MPa (250 Ib/in.z abs ) 

another example, consider the case where P ( s )  = P ( O ) /  

Ts + 1, P ( s )  = P(O) /Ts  + 1, where P ( 0 )  + P ( 0 ) .  Again, 
G ( s ) d s )  = K. In this case, the system will be stable for 

any value of K if P(0) > P(s) [we assume P(0) > 01. 

If P ( 0 )  > P ( O ) ,  then the system will be unstable for suf- 
ficiently large K. Clearly, one class of errors is to be pre- 
ferred over another. The designer should determine, in- 
sofar as possible, which kind of errors are preferred and 

adjust the parameters in P ( s )  to assure negative feedback. 

The problem of matching P ( s )  to P ( s )  is more critical 
in those systems where the gains of C ( s ) G I ( s ) a T ( s )  are 
large. The gain of C(s) can always be taken as unity by 
properly scaling m ( s ) .  In this case, the steady state gain 
of Gl(s) [that is, C-l(O)] is also unity, A high gain in 
an element of a ( s )  implies that the disturbances u ( s )  do 
not have much effect on the secondary measurement which 
is multiplied by the high gain [Equation (4) ] .  The high 
gain amplifies the small signal produced by the effect of 
U ( S )  on @(s). Unfortunately, the high gain also amplifies 
any noise which may be present in the measurement. An 
even more undesirable effect of a high estimator gain, how- 
ever, is that it can cause the entire control system to be- 

come unstable when P ( s )  # P ( s ) .  To avoid such prob- 
lems, the designer should use the relative error criterion 
described in Part I along with a reasonable estimate of the 
covariance of the measurement noise. In those cases, where 
there is no measurement noise, it may be convenient to as- 
sume the presence of noise to hold down the estimator 
gains. 

Another source of stability problems may arise if the 
gains in P ( s )  are high. A high gain in P ( s )  impliies that 
the control effort affects the secondary measurement much 
more than it affects the product quality. In this situation, 

it becomes critically important that either P ( s )  be a good 

A A A 

A 

A 

A 

A 

A 

A 

Yi 

approximation to P ( s )  and/or that the gains of the esti- 
mator be relatively low. If neither of the above can be 
achieved, then the designer should consider an alternate 
choice of control effort. 

EXAMPLES OF INFERENTIAL CONTROL 
The Process 

Our example process is the same as that used by Weber 
( 1972). It is a sixteen stage, five component distillation 
column with a total condenser and total reboiler. The col- 
umn operating conditions are given in Table 1. As Weber 
did, we assume perfect mixing on each plate, adiabatic 
operation, constant molar overflow, and no hydraulic lag. 
The linearized column model was obtained from step tests 
on a simulation of the full nonlinear model. These data 
were fit by a first-order lag for each transfer function 
(Tong, 1974). The various parameters of the model are 
given in Tables 2 and 3. As in the previous section, the 
form of the linear model is 

y ( s )  = B T ( s ) u ( s )  + C ( s ) m ( s )  
(1)  

B ( s )  = A T ( s ) u ( s )  + P ( s ) m ( s )  

where y(s) = Cyl(s),  y z ( s ) l T ,  u ( s )  = [ u ~ ( s ) ,  . . . 
u5(s ) lT ,  and e ( s )  = ( & I ,  &3, Ba8, 8414, ea‘6)T; the super- 
script on e denotes the stage number of the measurement. 
The subscript denotes the element number in the vector 
8. Stages are numbered sequentially from the bottom of 
the column to the top. 

In order to facilitate comparison of this work with that 
of Weber (1972), we restrict ourselves to the use of sub- 
sets of the measurements selected by him. The control ob- 
jectives are the same as his: the control of the overhead 
butane composition and bottoms propane composition. 

Overhead Butone Composition Control 
Design of an Inferential Control System. The design of 

an inferential control system starts with the selection of 
secondary measurements which will be used to infer the 
product quality, in this case the overhead butane composi- 
tion. The selection procedure (see Part I )  aims at mini- 
mizing the number of measurements necessary to obtain 
accurate estimates which are insensitive to modeling errors. 
To estimate the overhead butane composition, only one 
temperature measurement is required, as can be seen from 
Figure 5 .  Figure 5 is a plot of the projection error in the 
overhead butane composition vs. the stage number of 
the temperature mcasurcment. A small projection error 
implies that the inferential control system will exhibit only 
a small fraction of the steady state error which would have 
occurred without control. From Figure 5, the projection 
error is minimized by selecting stage 14 as the stage on 
which to measure the temperature. With this choice, the 
projection error is only 0.007 when the steady state gain 
of the estimator a ( 0 )  is chosen as 0.0045 (see Part I). 
Note that temperature 14 lies in Weber’s measurement set. 

TABLE 2. TRANSFER FUNCTIONS b(s) ,  C1( S) ,  AND C z ( S )  FOR THE OVERHEAD BUTAKE AND BOTTOM’S 
PROPANE COMPOSITIONS 

yl = overhead butane composition 
yz = bottom’s propane composition 

-0.188 -0.163 0.0199 0.0043 0.002 -0.173 -- 
Yl 72s + 1 72s + 1 70s + 1 80s f 1 85s + 1 70s + 1 

Yz 15s + 1 13s + 1 4s + 1 3s f 1 3s + 1 18s + 1 

AlChE Journal (Vol. 24, No. 3) 

0.0174 0.0239 0.004!j -0.00029 -0.00099 0.015 -- 

May, 1978 

0.0305 
75s + 1 

7s + 1 
-0.00768 
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TABLE 3. TRANSFER FUNCTIONS a( s)  AND p (  s )  FOR THE TEMPERATURES ON PLATES 1,3,8,14, AND 16 

.60 

.50 

7 . 4 0  
- 

2 . 3 0  

a - 20 - 

Stage Var. 
No. (i) 

- 
- 

- 
- 

- 

1 1 

3 2 

8 3 

14 4 

16 5 

A 
ail(s) 

-7.99 
9s + 1 

-11.29 
12s + 1 

- 18.28 
5s + 1 

50s + 1 

-42.02 

-50.47 
25s + 1 

Ir 
~ ( 8 )  

- 9.78 
9s + 1 

-15.91 
12s + 1 

- 16.43 
1os+ 1 

- 35.92 
70s + 1 

-25.26 

- 

75s + 1 

A 
ai3(s) 

- 5.28 - 
5s + 1 

-4.23 
5s + 1 

- 0.47 
5s + 1 

4.45 
65s + 1 

3.15 
70s + 1 

- 
- 

2 4 6 8 10 I2 14 16 
PLATE NUMBER 

Fig. 5. Projection error in overhead butane composition for single 
temperature measurement. 

Since there is only a single measurement, the estimator 
a (s)  is a scalar transfer function. 

The dynamic elements of the estimator a (s) (see Figure 
1) are selected to match the dynamic response of the esti- 
mate to the actual product composition. From Equation 
( 2 ) ,  the dynamic error in estimation e ( s )  is given by 

, I  

E rT(s )u(s )  

wherer(s) = b,(s) - a d T ( s ) a ( s ) .  
bl(s )  and ~ ( s )  are the vectors which relate the re- 

sponse of the overhead butane product, composition and 
the temperature on stage 14 to the disturbances. The dis- 
turbances are the feed component flow rates. Approxima- 
tions to b1 (s) and a4 (s)  are found in Tables 2 and 3. 

If r ( s )  in Equation (12) is zero, then the estimate is 
perfect. In general, and for this problem in particular, 
there is no choice of estimator which will yield perfect 
dynamic estimates. It is possible to select a (s) to minimize 
the expected error in the estimates (see Part 111); how- 
ever, such a choice for 01 (s) generally leads to an unnec- 
essarily complex estimator. In this paper, we arbitrarily 
restrict our dynamic compensation to be lead-lag rictworks. 
Thc problem then is to choose the lead and lag time con- 
stants tcj best match the dynamic response of the estimate 
with the actual process. Again, we defer a precise mathe- 
matical treatment of the selection procedure to Part I11 and 
adopt an ad hoc strategy for selecting the lead and lag 
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A 
a i 4 ( ~ )  

3.59 
8s + 1 

3.63 

- 

8s + 1 

3.96 
3s + 1 

1.10 
70s + 1 

0.68 

A 
~ O ( S )  

6.09 - 
5s + 1 

4.75 
5s + 1 

4.60 
1.5s + 1 

0.46 
75s + 1 

0.32 

A 
p i l ( s )  

7.47 
8s + 1 

9.80 
15s + 1 

8.20 
30s + 1 

36.0 
65s + 1 

30.0 
78s + 1 80s + 1 67s + 1 

A 
P d  s 1 

2.70 
4s + 1 

3.79 
5s + 1 
- 

2.30 
18s + 1 

6.82 
70s + 1 

3.46 
70s + 1 

time constants which is based on the following considera- 
tions. 

The transfer functions in the vectors bl(s) and o~(s) 
are simple lag networks. If all of the lags in bl ( S )  and (14 ( S) 
were the same (but not necessarily equal to each other), 
then r ( s )  could be made zero by choosing a ( s )  as a lead- 
lag network with a lead time constant equal to the lag 
time constant in ~ ( s )  and a lag time constant equal to the 
lag time constant in bl(s). Actually, the lag time con- 
stants in b,(s)  range from 70 to 85 min, while the lag 
time constants in a4(s )  range from 50 to 70 min (see 
Tables 2 and 3 ) .  Since the above range of time constants 
is not large, it seems reasonable to choose the lead time 
constant in the estimator as the average of the time con- 
stants in u 4 ( s ) .  Similarly, the lag time constant in a ( s )  is 
chosen as the average of the time constants in b1 (s)  . That 
is 

(66s + 1) 
(77s + 1) 

( ~ ( 8 )  = 0.0045 

Having designed the estimator a ( s ) ,  we now have to 
select the controller GI(s) and the control effort compen- 

sation P (s) shown in Figure 1. Again, because there is but 

a single measured temperature, P ( s )  is a scalar transfer 
function. This transfer function is an approximation of the 
response of the temperature on stage 14 to changes in 
the control effort (that is, the reflux flow), and it is given 

by p41 (s) as listed in Table 3:  

A 

A 

A 

For perfect control, given a perfect estimate, the con- 
troller transfer function G I ( s )  should be thc inverse of 
the transfer function between the overhead butane com- 
position and the reflux flow. From the data in Table 2, this 
controller would have proportional plus pure derivative 
actions. However, since the estimate is not perfect and 
the measurements are always corrupted by noise, a pure 
derivative action is inappropriate because it amplifies such 
errors. As is common in such situations, the pure derivative 
action is replaced by a lead network, and G I ( $ )  is taken as 

The inferential control system given by (13 ) ,  (14 ) ,  
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Fig. 6. Overhead butane composition response to 10% step change 
in the butane feed flow rate. 

and (15) can be implemented inexpensively with either 
digital or analogue hardware. All that is required is the 
measurement of the temperature 011 stage 14 and the re- 
flux flow. The entire control system consists of only three 
lead-lag networks. 

The above inferential control system was tested by using 
it to control the overhead butane composition of the siniu- 
lated distillation column for various feed disturbances. The 
simulation of the nonlinear column dynamics is described 
by Weber (1971). Figure 6 shows the response of the col- 
umn under inferential control for a step change in the 
butane flow in the feed. That is, the butane component 
flow rate increases, while all other component flows remain 
fixed. Such a change means that all feed compositions are 
changed. Changes in other feed component flow rates yield 
responses similar to that shown in Figure 6 (Tong, 1974). 

The inferential control system design strategies pre- 
sented above and in Parts I and 111 are extensions of the 
design strategies developed by Weber (1972). His design 
method differs from those presented here mainly in that his 
estimator contains no dynamic compensation, and his esti- 
mator needs as many measurements as there are unknown 
disturbances. Weber's system for control of the overhead 
butane composition can be rearranged to fit into the form 
of Figure 1, with the following transfer functions: 

( lea)  
a T ( s )  = 10-4(0.127, -1.29, -0.76, 45.0, -0.21) 

I( 16b) 

P T ( s )  = (7.47, 9.80, 8.20, 36.0, 30.0) ( 1 6 ~ )  

The gain K and integral time constant TI of Gc(s) were 

chosen so that G ( s )  - [C (s)]-l over the frequency range 
of interest. Therefore, the controller G I ( s )  is virtually the 
same in Weber's design and the current design. Weber's 
estimator, Equation (16b), is also very similar tso the 
estimator of the current design because even though there 
are five measurements, the weight associated with the tem- 
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A 

A 

perature on the stage 14 (that is, 45), is so much greater 
than the other weights that effectively only temperature 
14 is being used. The significant difference between 
Weber's system and the current system lies in the lack of 

dynamic compensation for P ( s )  [see Equation (16c) 1. 
As can be seen from Figure 6, the dynamic lag included in 

the control effort compensation P ( s )  of the current work 
significantly improves the dynamic behavior of the inferen- 
tial control system. 

Alternate Control Systems. Figure 6 allows comparisons 
between the response of inferential control systems and 
two standard control systems. The c w e  labeled composi- 
tion feedback was obtained with the column under con- 
trol of a tuned proportional plus integral controller which 
utilizes instantaneous measurements of the overhead bu- 
tane composition. The curve labeled temperature 14 feed- 
back is the response of the product composition when a 
tuned proportional plus integral controller is used to main- 
tain a constant temperature on stage 14. 

The fact that the inferential control system performs 
Significantly better than the temperature feedback control 
system, when both systems use the same secondary mea- 
surement (that is, the temperature on stage 14), deserves 
explanation. The block diagram for the temperature feed- 
back control system is given in Figure 7. For the system 
of Figure 7, the response of the product composition y(s) 
to an input disturbance u (s) is given by 

A 

A 

Normal control system design procedures lead to a con- 
trol system with a unity gain between the set point 0d and 
the output 0(s) for low frequencies. This means that 

At steady state, therefore 

The conditions required for (19) to be zero indepen- 
dent of u ( 0 )  are more stringent than those required for a 
single temperature inferential control system. First, the 
vector A (  0)  associated with the chosen temperature mea- 
surement must be parallel to the vector B (0) .  That is, the 
disturbances must affect the temperature in the same way 
that they affect the product composition. Second, the ratio 
of C ( 0 )  to P ( 0 )  must be such that A ( 0 )  is scaled to the 
same length as B (0) .  This latter requirement is the same 
as requiring C(O)/P(O) = a ( O ) ,  as can be seen from 
Equation (2 )  with R ( 0 )  = 0. The first condition is also 
required for perfect estimation in an inferential control 
system, However, the second condition is not required by 

PRODUCT 
COMPOSITION 

MEASUREMENTS 

Fig. 7. Single temperature control system. 
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the inferential system, Thus, the steady state behavior of 
a single temperature feedback control system will gen- 
erally not be as good as that of a single temperature in- 
ferential control system. The inferential control system is 
also likely to be less oscillatory than the feedback system. 
This is true because the inferential system will have the 
same stability properties as the process, provided that P (s) 

= P (s) , while the feedback system will generally be de- 
signed to decrease the process stability in order to speed 
up the process response. 

Implementation. The simplest and least expensive of 
the above control systems is the temperature feedback 
controller. This system requires only a PI controller which 
can be easily implemented with digital or analogue control 
hardware. The inferential control system is only slightly 
more complex than the constant temperature controller. I t  
requires the implementation of two lead-lag networks in 
addition to a controller which is also a lead-lag network. 
The inferential controller also requires measurement of 
the reflux flow rate. However, this measurement is avail- 
able from the reflux flow controller which is usually in- 
stalled as a first level controller in all of the various control 
systems. Again, the required lead-lag networks can be 
easily and inexpensively implemented with either analogue 
or digital hardware. Most expensive of the control systems, 
in terms of hardware, is the composition feedback con- 
troller. This system usually requires an on-line chromato- 
graph which is often cascaded with a temperature feed- 
back control system. 

In terms of engineering effort required for implementa- 
tion, the inferential control system will probably be the 
most expensive, at least in the initial applications. A great 
deal of engineering effort has already been expended in 
selecting the appropriate stage for temperature control 
(Boyd, 1975; Luyben, 1969; Wood, 1967) and in making 
chromatographs reliable. Fortunately, however, excellent 
steady state models are available for most distillations, and 

the critical dynamic models [that is, P ( s ) ]  are readily ob- 
tainable in the field. 

Bottoms Propane Composit ion Contro l  

The purpose of this example is to show the behavior of 
a single product inferential controller when many mea- 
surements are used in carrying out the inference of prod- 
uct quality. As can be seen from Figure 8, there is no single 
temperature which can be used to infer the bottoms pro- 

A 

A 

g z  5 2 -lo > -  
:g 
I - a  2 L - , 5  
:E 
a 
W 
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I I  I 
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I ,  
I 1  

8 '  
, I  I 1  

- :: 
1 I I I I 

8.4s + 1 
1.0s + 1 

a ( s )  = - 0.0014 ( 20a 1 
A 3.79 
P ( s )  =- 

5s + 1 
(130(7s+ 1) 

(0.7s + 1) G I ( s )  = - (20c) 

The control effort is the vapor boilup rate, 
To avoid the steady state offset exhibited by the single 

tcmperature inferential controller, additional temperature 
measurements are needed. Probably one additional mea- 
surement would suffice. However, for the sake of illustra- 
tion, we will use all five available measurements. The esti- 
mator a (s) is then given by 

10-4[-0.99(7.2~ + l ) ,  -17.6(8.4~ + l ) ,  18.2(4.9~ + l), -7.99(66~ + l), 0.69(66~ + 1 ) ] T  
a ( s )  = (21) (7.6s + 1) 

.6 0 

*so  1 

2 4 6 8 10 I2 14 16 

PLATE N U M B E R  
Fig. 8. Projection error in bottoms propane composition for single 

temperature measurement. 

The numerator time constants in (21) were obtained by 
averaging the time constants for the response of each tem- 
perature to the various disturbances. The denominator time 
constant of 7.6 min is the average of the time constants 
for the response of the bottoms propane composition to 

the disturbances. The transfer functions for P ( s )  are ob- 
tained from Table 3. The controller G I ( s )  is the same as 
that given by (20c). 

The response of the five measurement inferential control 
system to a feed composition disturbance is shown in Fig- 
ure 9. The initial cycling exhibited by the control system 

is probably due to the mismatch between P ( s )  and P ( s ) .  
Also shown in Figure 9 is the response of Weber's inferen- 
tial control system. Again, Weber's system is the same as 

ours except that a ( s )  and P ( s )  are replaced by constant 
vectors [that is, set s = 0 in (21) and Table 31. 

A 

A 

A 
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Fig. 10. Overhead butane composition response to 10% change in 
butane feed f low rate under dual control. 
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Fig. 11. Bottom's propane composition response to 10% step change 
in the butane feed f low rate under dual control. 

Simultaneous Overhead and  Bottoms Product Control 
A significant advantage of inferential control over feed- 

back control is that multiple product control does not suf- 
fer from the stability problems which arise in feedback 
control due to control loop interactions. Provided that the 

compensation P (s) has been properly selected, the multi- 
variable inferential control system responds to disturbances 
in much the same way as a feedforward control system. 

To illustrate the application of multivariable inferential 
control, we shall combine the previous two control systems 
so as to achieve simultaneous control of the overhead 
butane and bottoms propane compositions of our simu- 
lated multicomponent distillation column. As before, the 
control efforts are taken as the reflux flow and vapor 
boilup rates. 

The estimator for the two product control system is 
simply the combination of the two previous estimators. 
Mathematically, a ( s )  is now a 5 x 2 matrix where the 
first column of a ( s )  contains a single nonzero element in 
position 4 which is given by (13). The second column in 
a ( s )  is given by (21). 

The control effort compensation P ( s )  for the two prod- 
uct inferential control system is a 5 x 2 matrix of trans- 

A 

A 

fer functions, The second column of the matrix is the 
same as the compensation for the bottoms propane infer- 

ential controller. However. the first column of P (s) differs 
from the compensation for the overhead butane controller 
which was only a scalar transfer function. The difference 
arises from the fact that all of the temperatures are influ- 
enced by a change in reflux flow rate and, therefore, this 
influence must be subtracted from each of the five tem- 

perature measurements. The transfer functions for P ( s )  
are given in the last two columns of Table 3. 

The controller matrix G I ( ~ )  of Figure 1 is the approxi- 

mate inverse of the matrix C(s) which relates the control 
effort to the product compositions [see Equation ( l ) ] .  The 

inverse of C (s) is given by 

A 

A 

A 

A 

A 
[C(s)]-l  = K ( s )  = [kij(S)] 

(70s + 1) (75s + 1) (18s + 1)  
(78s + 1) (23s + 1) 

kll(s) = -8.8.7 

(70s + 1) (18s + 1) (7s + 1) 
(78s + 1) (23s + 1) 

k 1 2 ( ~ )  = -35.01 

(70s + 1) (75s + 1) (7s + 1) 
(78s + 1) (23s + 1 )  

ksl(s) = -17.22 

(75s+ 1)(18s+ 1) (7s+ 1) 
(78s + I) (23s + 1) 

k 2 2 ( ~ )  = -198.6 

The components of G,(s) are implemented as k i j ( s ) /  
(2.5s + 1 )  to avoid differentiation. In practice, each term 
in G I ( ~ )  can probably be approximated as a first-order 
lead network. 

As can be seen from the above design, the implementa- 
tion of the multivariable inferential control system is some- 
what more complex than the sum of the implementations 
of the single variable inferential control systems. The added 
complexity arises from the fact that all secondary measure- 
ments must be compensated for all control efforts and from 
the requirement that the controller approximate an in- 
verse matrix of transfer functions C-' (s) . In our example, 
the above requirements resulted in the implementation of 

four additional transfer functions in P ( s )  and two addi- 
tional transfer functions in GI (s) . 

The response of the above two product inferential con- 
trol system to previously used disturbances is shown in Fig- 
ures 10 and 11. The initial cycling of the inferential control 

system is probably due to a mismatch between P ( s )  and 
P ( s ) .  For the purpose of comparison, Figures 10 and 11 
also show the response of two single loop feedback con- 
trollers which attempt to simultaneously maintain tempera- 
tures on stages 3 and 14 at their respective set points. The 
single loop temperature controllers were turned so as to 
minimize control loop interactions. Nonetheless, a small 
degree of interaction is evident from the response of the 
overhead composition while under temperature control as 
shown in Figure 10. The temperature control systems also 
compare poorly to the inferential control system in terms 
of maintaining the desired steady state product composi- 
tions. 

A 

A 
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NOTATION y l  (s)  = overhead butane composition 
yz (s) = bottoms propane composition 

A ( s ) ,  B ( s ) ,  C(s), P ( s )  = process transfer function a (s) = matrix of estimator transfer functions 

Q(s)  = 
bi(S) = 
d ( s )  = 

matrices 
= process transfer function matrices (see Fig- 
ures 1 and 2)  
i th column of A (s)  
i t h  column of B (s) 
effect of the disturbances on the product quali- 
ties 

matrix of controller transfer functions for the 
inferential control loop 
matrix of controller transfer functions for the 
feedback control loop 
matrix of measurement lags 
matrix of compensators to match set point 
changes 
control effort vector 
reflux ratio 
vapor boilup rate 

0 (s) - a,’( s) O( (s), vector of residuals associ- 
ated with the jLh temperature measurement 
Laplace transiorm variable 
steady state value of‘ disturbance 
unmeasured disturbance vector 
flow rate of i t h  component in feed 
measured disturbance vector 
product quality vector 

{ I  + 2 ( s )  [ P ( s )  - &))1}-1 

A(s)cY(s)  - B ( s )  

0 (s) = measured output vector 

Superscripts 
A = estimated value 
-1 = inverse 
T = transpose 
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Part I I I. Construction of Optimal and Suboptimal Dynamic Estimators 

BAB U JOSEPH 

Methods are presented for the construction of optimal and suboptimal 
estimators for inferential control systems. Optimal estimators are constructed 
with the aid of Kalman filtering techniques applied to linear systems driven 
by integrated white noise disturbances. The description of the disturbances 
as integrated white noise leads to optimal dynamic estimators which reduce 
to optimal static estimators for sustained disturbances. Suboptimal estima- 
tors are constructed by prespecifying the structure of the estimator and 
choosing estimator parameters so as to minimize the mean square error in 
estimation. 

Optimal and suboptimal estimators are compared by using them in an 
inferential control s stem which attempts to control the product composi- 
tion of a simulateB multicomponent distillation column. There is little 
difference in performance between optimal and suboptimal estimators which 
use temperature and Row measurements to estimate product composition. 
However, the inferential control system using a simple suboptimal estima- 
tor is significantly superior to the policy of maintaining a selected tray 
temperature constant through a standard feedback control system. The 
inferential control system is also superior to composition feedback control 
systems where the measurement delay is greater than 5 min. 

and 
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Part I discusses the problem of measurement selection 
and estimator design to achieve optimal steady state 
behavior. Part 11 discusses the dynamic behavior of in- 
ferential control systems based on ad hoe methods for 
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adding dynamic compensation to the estimator. This 
work is concerned with the design of optimal and nearly 
optimal dynamic compensation for the estimator. 

An important feature of the design methods is that 
they yield linear dynamic estimators which reduce to 
optimal static estimators in the steady state. This is 
achieved by using a statistical description of the input 
disturbances which admits the possibility of the process 
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